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Abstract. Three different finite-difference routines were compared for solving the nonlinear, coupled, partial
differential and algebraic equations that describe pressure swing adsorption processes. A successive substitu
method (SS), a block LU decomposition procedure (BLUD), and the method of lines approach with adaptive tim
stepping (DASSL) were used to simulate and compare the computation times required to reach the periodic state
two different PSA systems: PSA-air drying and PSA-solvent vapor recovery. For both systems, the results showe
that DASSL was nearly twice as fast as BLUD, whereas SS was nearly an order of magnitude slower than BLUL
DASSL and BLUD were also very robust and accurate, as nearly identical bed profiles were obtained from bot
methods under both transient and periodic state conditions.
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Introduction e.g., the DMMP-activated carbon system used in the
PSA-AP study (Ritter and Yang, 1991), it may take
A rigorous pressure swing adsorption (PSA) model tens of thousands of cycles to reach the periodic state,
consists of a system of coupled, partial differential and and for typical solvent vapors (e.g., benzene), it may
algebraic equations, which necessarily require numer- take thousands of cycles (Liu and Ritter, 1996). The
ical solution (Ruthven et al., 1994). At present, finite large number of cycles required by these systems are
difference is still the most widely used method in solv- in contrast to typical PSA processes for air drying, hy-
ing the PSA model equations because of its simplicity. drogen purification or air separation, which generally
In using finite differences, spatial and time derivatives require tens of cycles to reach the periodic state
are discretized, resulting in a set of algebraic equations. (Ruthven et al., 1994). Therefore, more efficient meth-
In much of the early PSA literature, the algebraic equa- ods are required to solve the models that are used to
tions were solved by a successive substitution method. simulate PSA processes.
More recently, other solution methods have been de- One way of improving the efficiency of rigorous PSA
veloped, e.g., orthogonal collocation (Ruthven et al., simulations is to accelerate the convergence to the pe-
1994); however, studies comparing one technique to riodic state (Smith and Westerberg, 1992; Croft and
another have rarely been performed, with one excep- LeVan, 1994). These acceleration techniques are quite
tion (Hassan et al., 1987). suitable if the periodic state is the only information de-
The simulation of some PSA systems also requires a sired. However, these techniques necessarily give rise
great deal of computation time. Examplesinclude sim- to a fictitious transient path to the periodic state. In
ulations of PSA-air purification (AP) (Ritter and Yang, other words, the number of cycles and the correspond-
1991) and PSA-solvent vapor recovery (SVR) (Liu ing dependent variable profiles are artifacts of the ac-
and Ritter, 1996). For very strongly adsorbed species, celeration technique and have no physical significance
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until the periodic state is reached. Yet, the transient be- alumina (Chihara and Suzuki, 1983) and PSA-SVR
havior of a PSA process may be significantly different (benzene) by activated carbon (Liu and Ritter, 1996).
from its periodic state behavior, and process designers The mathematical models for these systems are given
utilizing PSA models may necessarily need to know in Table 1. Note that in these models the heat transfer
this information. Clearly, more efficient solution tech- between the bed and the environment is accounted for
niques that model both the transient and periodic statesby an overall heat transfer coefficieht,
of the PSA process in “real time” are still highly desir- A four-step PSA cycle (cocurrent pressurization,
able. cocurrent high pressure feed, countercurrent blowdown
Therefore, the objective of this work is to introduce and countercurrent product purge) is used to simulate
two very efficient numerical techniques that reduce the PSA-AD and PSA-SVR operations. Each process
the computation time and/or storage requirement asso-begins at the second step with clean beds; and the initial
ciated with modeling computationally intensive PSA conditions for each step correspond to the end profiles
systems (e.g., PSA-AP and PSA-SVR). Three finite of the previous step. Also, the purge gas of the third
difference methods are compared: atraditional succes-step comes directly from the step-two product gas of
sive substitution (SS) method (Finlayson, 1980), arela- the other bed; therefore, the inlet purge gas has the same
tively new block LU decomposition (BLUD) procedure  composition and temperature as the product gas from
based on Newman'’s algorithm (Newman, 1991), and a the other bed, at all times. Table 2 lists the parameters
relatively new method of lines approach with an adap- used in simulating these processes.
tive time stepping code called DASSL (Davies, 1984;

Schiesser, 1991; Brennan et al., 1996). ) )
Solution of the Model Equations

Mathematical Model The first step in solving th& model equations is to
discretize the spatial coordinate in) nodal points

To investigate the efficiencies of the three methods, and substitute the spatial derivatives using a finite

two PSA systems are selected: PSA-AD by activated difference approximation. For SS and BLUD, the time

Table 1 Model equations for the PSA-AD and PSA-SVR system.

Total mass balance: Gu_ 13T 180 _udl 4 1eRT, 8 _9
Component mass balanceZ) +uf + (1—y)=£ &l p %2 =0
Energy balance: (pgCpg + —pSCps) T + pgCpg T + AH L2 p 20 fr: (T-Ty =0
LDF approximation: ¥ = ka(q* —
Adsorption isotherm PSA-AD: Adsorption isotherm PSA-SVR:
Py (-AH[/1 1 qsbPy bo —AH

* = gehp—=expl — [ = — == * = . b= ——exp[ —

4 =G%pT p( R (T 303)) 9= 1T opy RUT P\ RT

Initial and boundary conditions:
Cycle step | (pressurization): Cycle step Il (feed):

t=0 y=yv g=qv T=Tyv y=w g=q T=T for0<z=<L

z=0: y=y T=T¢ Y=Y T=Tg u=ug fort>0

z=L: u=0 fort >0

Cycle step Ill (depressurization): Cycle step IV (purge):

t=0 y=yi g=a T=T Y=Y q = du T=Ty for0O<z=<lL
z=L: u=0 yO=y@® T®O=Tt) u=up, fort>0

*P = pressure (kPajj = amount adsorbed (mol/kg); = equilibrium amount adsorbed (mol/kg¥=gas
constant (M/kPa)/(mol K); T = temperature (K); =time (s);u = velocity (m/s);y = mole fraction in gas
phasez = axial position (m). Other variables are defined in the text or in Table 2.
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Table 2 Bed characteristics, process conditions, and physical properties.

PSA-AD PSA-SVR

Radiusfp (m) 0.1 0.027
Length,L (m) 1.0 0.29
Void fraction, e 0.4 0.43
Density, ps (kg/m?) 1200 480
Heat capacity of adsorbertps (kJ/(kg K)) 1.26 1.05
Feed flow rateVg (m3 STP/s) 1.5% 102 4.16x10°3
Feed mole fractionyg 0.00393 0.005
Feed temperaturdg (K) 303 293
Feed pressurély (kPa) 507 152
Purge pressuré? (kPa) 101 4.56
Purge to feed ratioy 2.0 15
Total cycle timefc (s) 1200 40
Time for each stefs (s)

Steps 1 and 3: 60 10

Steps 2 and 4: 540 10
Ambient temperaturelp (K) 303 293
Gas phase densityg (kg/nT) 1.2 1.308
Gas phase heat capaciBpg (kJ/(kg K)) 1.0 1.006
Heat of adsorptionA H (kJ/mole) -51.9 —43.5
Mass transfer coefficienks (1/s)

Py: 2.78x 1074 0.086
PL: 1.39x 103 0.086
Heat transfer coefficienh (kJ/(m? s K)) 0.04 0.0314

gs (mole/kg) 1.0 4.4
bo (m3/mole) 7.57 3.88 1078
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derivatives are also approximated using finite differ- are constant at time In SS, Eq. (1) is first manipu-
ences, using a fixed time interval. Implicit time step-

ping is usually used in discretizing the time derivatives.
The resulting system of nonlinear algebraic equations
is then solved. For DASSL, only the spatial derivatives \yhich yields the iteration formula

need to be discretized.

Successive Substitution Method.In this method, the

lated in the form

vij = Fj(vkm)

n+1 _ =it

vij ij (Ukm) .

When |vi’j‘+l - vi’j‘| < e, wheree is a selected con-
vergence criteria, the solutions are found. Then, the
calculation can march on to the next time step. SS is
convenient to program because no derivatives need to
be calculated and no matrices need to be inverted. For
a large system of equations, typical of PSA models,
this method is preferred; however, it converges linearly
and may suffer from convergence problems (Finlayson,

ith discretized governing equation at thth spatial
node point and at timeis written as

fij(vkm)zo, k=1,...,NNm=j—-1,j,j+1

@)

where vy, represents the values of théh unknown
at themth spatial nodal point. Note that the spatial 1980).

derivatives are approximated using three nodal points For complex PSA models, SS does not converge in
and that Eq. (1) contains the values of the time- most cases if Eq. (3) is used directly. Also, the direct
dependent variables at the previous time step, which use of Eq. (3) is restricted by the range of the initial
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guess values that can be used to approximate the sowhere

lution. Finding the limits of the initial guess values o o

may not be a trivial task, especially with limited pro- A ( of; ) <3fi,—t )
ik = ) k=\771]>

cess information. However, by considering the con-
vergence theorem associated with SS, these problems

can be avoided by selecting a proper converging factor afijt 0
Bij to force the scheme to meet the convergence theo- Dik = P (6)
rem criteria. For model equatiarat nodal pointj, the K+l
criteria that must be met is given by N j+1 af! 0
k=1m=j—1 km
N+l 9F: _ _ o
Z /gi]._l <1, i=1...,N. (4 The superscript 0 denotes that the expression is evalu-
i=1 m=j—1 dvj ated at previous trial values. If the functions in Eq. (1)
(i.e., discretized model equations) are nonlinéarB
and D become functions ofxm,, in whichk is one or
By making g sufficiently small, the samB!l g;’s can more of theN variables, anan takes on one or more
be used at all of the nodal points. of thej — 1, j, andj + 1 values. For linear equa-

The converging factor technique is relatively easy to tions, A, B and D are constants or functions of only
apply, because the converging factor can be incorpo- the independent variables such as position and time.
rated into the computer program, and jes can be At the boundaries, the equations are written similarly
evaluated at the beginning of the simulation. Of course, to Eq. (5), but withB, D and X replacingA, B and
occasionally, several trials may be needed to find the D, and corresponding taj, vij+1 anduy» for j = 1.
proper gjj’s to make the scheme convergent through- For j = NJ,Y, A and B are used corresponding to
out the simulation. The cost of this is an increase in vyy3_», vkni—1 andugys. Note that three-point forward
the number of iterations required to converge, which and backward finite difference algorithms are used at
results in an increase in the computation time. The ex- j = 1 andj = NJ, respectively. In the present study,
tent of the increase in the computation time depends backward finite difference expressions are used to ap-
on the PSA process being modeled. For the processesroximate the derivatives because of the stiff spatial
studied here, the time increase makes SS much lessgradients, i.e., only the values at nogle- 1 and |
efficient compared to the other two methods described. are used for approximating the derivatives in ngge
therefore, Dy = 0.

In Newman'’s algorithm, Eq. (5) and the boundary
equations are written in the following block matrix
form

Block LU Decomposition Method. In this approach,

the solution to the PSA model equations is obtained by
using a technique developed by Newman, which is tai-
lored for block-tridiagonal systems (Newman, 1991).
According to Newman's algorithm, the set of nonlin- | B DM XD
ear equations resulting from discretization using finite | A@ B2 D)
differences in the spatial and temporal coordinates are .
first expanded in a Taylor series and then solved by the Aj) B(j) D(})
LU decomposition method using a Newton-Raphson
procedure. Expanding each of the functions shown in
Eqg. (1) in a Taylor series about the trial values of each L Y(NJ) ANNJ) B(NJ) |
variable, followed by rearrangement, yields at the spa-

tial nodal pointj and the present time v(@ G
v(2) G2
N X '_ = G '_ (7)
fi = (Akvy_1 + Bicvlg + Divygyq) — G =0, v W
k=1 : :
i=1...,N (5 Lv(ND) | L G(NY) |



Simulating Pressure Swing Adsorption 341

where v(j) =[v1j v2; --- wvnj]T and G(j) =[Gy; coefficients to use BAND(J) without major modifica-

Gyj -+ GnjI™. In Eq. (7), if E(j) is used to rep-  tions.

resent any of th&' (1), A(j), B(j), D(j) andX(N J),

then it becomes Method of Lines with DASSL. This method utilizes

finite differences to discretize the derivatives in the spa-
Eyy Epp - Ey --- Eqn tial direction, which transforms the original set of par-
. . tial differential equations into a system of mixed DAEs
: : : : (Schiesser, 1991) of the form
E()=|Ex E2---Ei -~ En | . (8)

: : : : fv,v,t) =0 9)

Ent Enz - Bni-o- B with the initial conditions given by

Equation (7) is solved by the LU decomposition f(v(0),V'(0),00 =0 (20)
method, which is more efficient than Gauss elimina-

tion (Barbosa Mota et al., 1997). Information on the Because of the stiff spatial gradients and moving
LU decomposition can be found in most textbooks frontsassociated with PSA processes, abackward finite
(e.g., Golub and Van Loan, 1989); details on block LU difference approximation scheme for the first-order
decomposition have been described by Fan and White spatial derivatives is used. The solution of the sys-

(1991). Brief details are given below. tem of equations denoted by Eqg. (9) is computed in
The procedure consists of two phases. In the first two stages.
phase, letM represent theNJ x NJ block coeffi- The first stage uses a fixed time step, finite difference
cient matrix containingX(1), ..., A(j), B(j), D(j) scheme to compute a consistent set of initial conditions
andY(NJ); andV andG, respectively, represent the (variablesandtheirtime derivatives). For problems like
NJ dimensional vectors containing the elements) in this study, in which the initial values of are given,
andG(j) in Eq. (7). ThenM is decomposed into a DASSL takes a small implicit Euler step for its first
lower triangular block matrixt and a unit upper tri-  step and uses a damped Newton iteration to solve the

angular matriJ(M = LU), which replace the original  nonlinear system of equations to obtain the initial time
matrix M in the computer program. The solution of derivatives. The second stage in DASSL uses this set of
this linear system takes place in the second phase, dur-nitial conditions as the starting point for the integration
ing which the triangular systeins = G is solved for (Brennan et al., 1996).
the intermediate vectdr by forward substitution, and DASSL is a sophisticated DAE solver that imple-
UV =4 is solved forV by backward substitution. ments backward differentiation formulas of varying
For a large number of spatial nodes, the coefficient order for the time derivative’ in the DAE system.
matrix becomes very large and usually sparse. Also, if Basically, the algorithms used in DASSL are an ex-
all the elements in the coefficient matrices in Eq. (7) are tension of the numerical ODE methods originated by
retained, the storage requirements become extremelyGear (1971). A predictor formula is used to obtain
large. By using Newman’s algorithm, only the nonzero the predicted solution, and to obtain the final solution
elements in the coefficient block matrix are utilized. a corrector formula is solved using some variant of
They are used only once at a particular nodal point, Newton’s method. However, instead of always using
and then replaced at the next point. Therefore, there is the first-order formula, DASSL approximates the time
no need to store values for the matrix at every point. derivatives using a varying order (1 to 5) backward
A significant savings on the computer storage is real- difference formula. On each step, DASSL chooses
ized when the number of the unknowns and number of a new order and the time step size, based on the be-
nodal points are large. Also, this approach converges havior of the solution. A large time step is used over
quadratically, which is a great improvement over SS, regions where the dependent variables change slowly
which converges linearly. Furthermore, a subroutine with time. Likewise, the time step size is reduced inre-
called BAND(J) has been written by Newman (1991) gions where the variables change rapidly. In addition,
for performing the LU decomposition, and backward DASSL has error control which permits the determina-
and forward calculations. Users only need to provide tion of accurate solutions. These features of the soft-
the discretized model equations, and the correspondingware result in significant time savings when computing
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the solution without compromising its accuracy. The ittooktoreach the periodic state divided by the number
algorithm and strategies used in DASSL have been de- of cycles required.
tailed by Brennan et al. (1996) and Schiesser (1994).
The FORTRAN source code for DASSL is available Simulation of PSA-Air Drying. To simulate the
through the National Energy Software Center (Brennan PSA-AD system, 61 spatial nodes were used, along
etal., 1996). Itis easy to use, and requires only a user with a 0.25 s time step (SS and BLUD, only). The time
subroutine (which defines the transformed model equa- step varied from 16 to 50 s for DASSL. For this case,
tions) and the convergence criteria as inputs to the main ittook each method 40 cyclesto reach the periodic state.
program. The magnitude of the constant time step, and the rela-
tively few cycles to reach the periodic state were both
characteristic of this rather conventional PSA system
Simulation Results and Discussion (Ruthven et al., 1994).
Table 3 shows that SS was two orders of magnitude
The model equations for the two PSA systems were slower compared to either BLUD or DASSL. This was
solved using the three finite difference methods de- due tothe use of converging factors that were necessary
scribed above. All of the simulations were carried out to ensure convergence with SS (Finlayson, 1980). In
on a SunSparc Station 10/40. Great care was takenaddition, SS converged linearly, whereas both BLUD
to ensure that input/output statements in the computerand DASSL (for the most part) converged quadrati-
code were minimized and essentially the same for all cally. DASSL was found to be the fastest method,
three methods. This ensured thatthe computationtimesbeing nearly twice as fast as BLUD for the PSA-AD
reported below were indeed a result of solving the sys- system. This was due to the variable time-stepping rou-
tem of equations and that comparisons were made ontine built into DASSL. It was interesting that the time
a fair basis. step size varied by nearly ten orders of magnitude, indi-
Table 3 presents the CPU times that were obtained cating that this system was quite stiff at times. Clearly,
from simulating the two different PSA processes, using this large variation in the time step was responsible for
all three methods. Note that because SS took so muchthe significantly reduced CPU time.
time, the simulations were not allowed to progress to ~ The PSA-AD transient and periodic state bed pro-
the periodic state and only five cycles were run. From files for the gas phase concentration and temperature
this data, a five-cycle-based average CPU time per are shown in Fig. 1 for both BLUD and DASSL. These
cycle was determined for SS. This was justified since it profiles all correspond to a snapshot in time at the end
was found that the CPU time used for each cycle did not of the adsorption step (i.e., step Il of the PSA-AD
change for the fixed time step methods (SS and BLUD). cycle). Remarkably, all of the bed profiles obtained
For comparison of SS with BLUD and DASSL, the av- from BLUD and DASSL were nearly identical in
erage time per cycle is also given for both BLUD and every respect, whether at transient or periodic state
DASSL; however, it was calculated from the total time conditions. Clearly, both BLUD and DASSL have the

Table 3 Comparison of the CPU time using the three finite difference methods for
simulating PSA.

PSA-AD PSA-SVR
Number of nodes 61 31
Time step siz&(s) 0.2% 0.01
Cycles to steady-state 40 3552
Method SS BLUD DASSL SS BLUD  DASSL
CPU time (min) — 45 26 — 960 482
CPU time/cycle (s/cycld) 4774 67 38 249 16 8

aTime step-sizes for SS and BLUD only.

bTime step-size for DASSL varied from 18t0 50's.
Time step size for DASSL varied from 16to 1.55s.
dCPU time for SS was based on the first five cycles.
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Figure 1 Transient and periodic state (a) concentration and (b) 0.0 0.2 0.4 0.6 0.8 1.0
temperature profiles at the end of the adsorption step for the PSA- . .
AD system. Solid and dotted lines depict results for DASSL and Dlmenswn(lbe)ss Bed Length

BLUD, respectively. Curves are for 10, 20, 30, and 40 cycles.
Figure 2 Periodic state (a) concentration and (b) temperature pro-
files at the end of the adsorption step for the PSA-SVR system. Solid
capability to capture the nonlinear essence of the so- ines and markers depict results for DASSL and BLUD, respectively.
lution without sacrificing accuracy. The temperature
profile shown in Fig. 1(b), being highly nonlinear, illus-
trates this pointwell. The factthat DASSL wastwice as Simulation of PSA-Solvent Vapor RecoveryTo sim-
fastas BLUD makes it a very powerful method for sim- ulate the PSA-SVR system, 31 nodes were used with a
ulating conventional PSA systems like PSA-AD. This 0.01 stime step (SS and BLUD, only). For this system,
remarkable agreement between the two methods alsothe DASSL time step varied from 18to 1.5 s, and the
suggests that the numerical errors are either the sameapproach to the periodic state was very slow, taking
which is highly unlikely because each method employs 3,552 cycles to reach it. The small magnitude of the
vastly different temporal step sizes, or small, which is constanttime step and the slow approach to the periodic
more probable and indicates that both techniques arestate were both very characteristic of PSA-SVR pro-
fairly robust and accurate. cesses, mainly because of the tremendous adsorption
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